Table 1:

Properties of the Continuous-Time Fourier Series

—+00 “+o00

E akejkwot _ E akejk(Qﬂ/T)t

k=—o00 k=—o00

z(t) =

1 ) 1 )
— t —]kwotdt — t —jk(QN/T)tdt
a T/Tﬁ()e T/Tx()e

Property Periodic Signal Fourier Series Coefficients
x(t) | Periodic with period T and ag
y(t) [ fundamental frequency wy = 27/T by

Linearity Ax(t) + By(t) Aay, + Bby,

Time-Shifting
Frequency-Shifting
Conjugation

Time Reversal
Time Scaling

Periodic Convolution

Multiplication

Differentiation

Integration

Conjugate Symmetry
for Real Signals

Real and Even Sig-
nals

Real and Odd Signals

Even-Odd Decompo-
sition of Real Signals

x(t — to) ape—Ikeote — g o=ik(m/T)to
6jMwot — ejM(QTF/T)t:E(t) Y
x*(t) a’,
x(—t) a_g
z(at), a0 > 0 (periodic with period T'/«) ag
z(T)y(t — 7)dr Tayby
T .
Jf(t)y(t) Z albk—l
l=—c0
dz(t , 2w
di ) Jkwoay, = ]k?ak
t .
(finite-valued and 1 B 1
/_ B0 L eriodic only if ag = 0) ko ) T \Gk(er/Ty )
ap = a*—k
Re{ar} = Re{a_i}
x(t) real Smiar} = —Sm{a_i}
|ax| = [a—]

Jar = —Ja_y

z(t) real and even ar, real and even

z(t) real and odd

{ ze(t) = Ev{x(t)}
zo(t) = Od{z(t)}

aj purely imaginary and odd

[z(t) real
[z(t) real

Re{a}

jSmiar}

Parseval’s Relation for Periodic Signals
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Table 2: Properties of the Discrete-Time Fourier Series

x[n] _ § akejkwon _ E akejk(%r/N)n
k=<N> k=<N>
1 . .
ap = — x[n]e jkwon x[n]e jk(2m/N)n
N
n=<N> n=<N>

Property Periodic signal Fourier series coefficients
x[n] | Periodic with period N and fun- ay, Periodic with
y[n] [ damental frequency wo = 27/N by period N
Linearity Azx[n] + Byln| Aay, + Bby
Time shift x[n — ng| age IFET/MNno
Frequency Shift e MET/NI )] k-
Conjugation x*[n] a,
Time Reversal x[—n] a_pg
. . . viewed as
Time Scahng x(m) [n] = { g[n/m} li n ?S a IilultlplletOfl mf ~a <peri0dic with )
if n is not a multiple of m  m period mN
(periodic with period mN)
Periodic Convolution Z x[rlyln —r] Nayby,
r=(N)
Multiplication x[n]y[n] Z aibr—;
I=(N)
First Difference x[n] — x[n — 1] (1 — e 9kEm/N)yq,
. - finite-valued and 1
Running Sum k—z z|k] (periodic only if ag =0 ) ((1 — ejk(27f/N))) Ok
ar = a’,
R = Re{a_
Conjugate Symmetry z[n] real gfﬁ{?g}} o _e{sinlf{i }
for Real Signals kI -k
|ax| = la_]

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposi-
tion of Real Signals

Jar = —Fay

x[n] real and even ay, real and even

x[n] real and odd aj, purely imaginary and odd

we[n] = Ev{x[n]}
wo[n] = Odfx[n]}

[z[n] real]
[z[n] real]

Re{ar}

jSmiar}

Parseval’s Relation for Periodic Signals
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Table 3: Properties of the Continuous-Time Fourier Transform

1 [~ -
x(t) = %/ X (jw)e’ dw

X(jw) = /00 z(t)e ¥t dt

[e.e]

Property Aperiodic Signal Fourier transform
x(t) (Jw)
y(t) Y(jw)
Linearity ax(t) + by(t) aX (jw) + bY (jw)
Time-shifting x(t — to) e N X (jw)
Frequency-shifting 7oty (t) X (j(w —wp))
Conjugation z*(t) X*(—jw)
Time-Reversal x(—t) X(—jw)
1 .
Time- and Frequency-Scaling z(at) mX (%u)
Convolution x(t) = y(t) X(jw)Y (jw)
1
Multiplication z(t)y(t) 2—X(jw) * Y (jw)
T
d : :
Differentiation in Time E:E(t) JwX (jw)
t
1
Tntegration / (8)dt L X(jw) + X (0)5(w)
—o0 Jw
d
Differentiation in Frequency ta(t) j%X (Jw)
X(jw) = X*(—jw)
~ Re{X (jw)} = Re{ X (—jw)}
gi(;rr?;fate Symmetry for Real 2(t) real Sm{X(jw)} = —Sm{X(—jw)}
X ()| = X (~j)|
g f Lo IX(Jw) = =3 X (—jw)
Siygrrri;?stry or Real and Even x(t) real and even X (jw) real and even
giygrizllsetry for Real and Odd x(t) real and odd X (jw) purely imaginary and odd
Even-Odd Decomposition for — z.(t) = &v{z(t)} [x(t) real]  Re{X(jw)}
Real Signals z,(t) = Od{z(t)} [z(t) real]  jSIM{X(jw)}

Parseval’s Relation for Aperiodic Signals
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Table 4: Basic Continuous-Time Fourier Transform Pairs

Signal

Fourier transform

Fourier series coefficients
(if periodic)

+o0
§ : akejkwot

+o00
27 Z aid(w — kwp)

ak
k=—o00 k=—00
Jwot — @ !
. 276 (w — wo) arp = 0, otherwise
cos wot m[6(w — wo) + 0(w + wo)] =0 =3
ap = 0, otherwise
1
. g ar = —0-1 = 5
t ~[0(w—wo) =4 -
sin wo J [6(w = wo) = d(w + wo)] ar =0, otherwise
z(t) =1 276 (w)

resentation for any choice of

(this is the Fourier series rep—)
T>0

Periodic square wave
1 |t| <1
=14
z(t) {Q T <|t|]<T

f 2 sin kwoT

w0T1 . konl sin kWOTI
0(w — kwp) sinc =
k s s km
and k=—o0
z(t+T) = z(t)
+00 too
27 27k 1
n=—00 k=—o0
a:(t) 1, ‘t‘ <T 2sinwTy
0, |t| > T w
sin Wt oy L el < W
it X(jw) _{ 0, |wl>W
d(t) 1
1
u(t) T + 7o (w) —
5(t —to) eIt
1
“y(t), R 0
e "u(t), Re{a} > a“‘]l"d
t —at t - o
e 71u( ), Re{a} >0 (a1 o)
ﬁe‘“tu(t), 1
Re{a} >0 (a+ jw)"




Table 5: Properties of the Discrete-Time Fourier Transform

1

xn] = o /) X (e) e dw
. +OO .
X () = Z x[nle 7"

Property Aperiodic Signal Fourier transform

x[n] X () | Periodic with

y[n] Y (e/*) period 27w
Linearity z[n] + by[n] aX (&) + bY (e*)
Time-Shifting x[n — ng| eI X (e7+)
Frequency-Shifting 70" ] X (e/@mw0)y
Conjugation x*[n] X*(e ’.J“’)
Time Reversal x[—n)| X(e™)

: : _Jx[n/k], if n = multiple of k hw
Time Expansions Tgyn] = {0’ if 1 2 multiple of k X(e‘ ) |
Convolution x[n] * y[n| X ()Y (')
1 . .

Multiplication x[nly[n] X ()Y (e/“=D)ag

Differencing in Time

Accumulation

Differentiation in Frequency

Conjugate
Real Signals

Symmetry for

Symmetry for Real, Even

Signals

Symmetry for Real, Odd
Signals
Even-odd Decomposition of

Real Signals

x[n] real

x[n] real and even

x[n] real and odd

we[n] = Ev{zn]}
wo[n] = Od{z[n]}

[z[n] real]
[z[n] real]

21
(1—e )X (e™)
! X (e*)

1 —ew

+7X (e’°) i‘i O(w — 27k)

k=—00
dX ()
J dw
X (e¥) = X*(e™¥)

Re{X (/) } = Re{X ()}
Sm{X (™)} = =SIm{X (™)}
[ X (e?)] = |X(e7)|

FX () = =X ()

X (/) real and even

X (e’¥) purely

imaginary and odd
%e{X(ejw)}
JSm{X(e’)}

Parseval’s Relation for Aperiodic Signals
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Table 6: Basic Discrete-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
jk(2m/N)n 27Tk?
Z ape 27 Z apd | w— — ag
k=(N) k=—o0 ,
+00 (a) “o = %
j 1, k=mm=ENm=E2N,...
Jwon _ _ — ) ) ) )
€ 2 lz 0(w — wo — 2ml) @k { 0, otherwise
- (b) 52 irrational = The signal is aperiodic
- CRE
5, k=®m,£m £ N,+m £ 2N, ...
— — _ — 27 I ’ Y
COS Won ﬂ-l_z: {0(w —wo — 27l) + 0(w + wo — 2l)} ay { 0. otherwise
> (b) %o irrational = The signal is aperiodic
(&) wo =7
o F %7 k=r,r+ N,r+2N,...
sin won - Z {6(w—wp—27ml) —0(w+wo—2xl)} | ar = —2—12.7 k=—-r,—r+ N,—r+2N,...
S S—— 0, otherwise
(b) %¢ irrational = The signal is aperiodic
“+oo
B [ 1, k=0,£N,£2N,. ..
z[n] =1 2m l_z O(w — 2ml) Ok = { 0, otherwise
Periodic square wave
1, |n| <M sin[(2k/N) (N1 +1)]
= ’ 27k 1
2] { 0, Ni<ln|<N/2 |2r Z axd <w ”> G = Nempmipn] o K7 0.EN,£2N,
and . ag 2L = 0, £N, £2N, ...
z[n + N] = z[n]
400 too
2k 1
Z §[n — kN] Z 5<w—L) ap = — for all k
k=—o00 k:— oo N
a"uln], |a| <1 m —
e sinfw(N + 3)] .
0, |n]>N; sin(w/2)
sin n n 17 O S w S W
sifs I g (1) x@={ o Wl -
0<W <7 X (w)periodic with period 27
d[n] 1 —
1 =
U[n] m + Z W(S(w — 27Tk) —
k=—oc0
d[n — ng| e~ Jwno —
1
(n+ 1L)a"uln], la| <1 0 a2 —
(n+r—1)! 1
AL A 1 - -
nl(r—1)! a"uln], la| < (1 —ae—iv)r




Table 7: Properties of the Laplace Transform

Property Signal Transform ROC
x(t) X(s) R
x1(t) Xi(s) Ry
xo(t) Xs(s) Ry
Linearity axy(t) + bxa(t) | aXi(s) + bXa(s) | At least Ry N Ry

Time shifting

Shifting in the s-Domain

Time scaling

Conjugation

Convolution

Differentiation in the Time Domain
Differentiation in the s-Domain

Integration in the Time Domain

etz (t)

R
Shifted version of R [i.e., s is
in the ROC if (s — sp) is in
R]

“Scaled” ROC (i.e., s is in
the ROC if (s/a) is in R)

R

At least Ry N Ry
At least R

R

At least RN {Re{s} > 0}

Initial- and Final Value Theorems

If 2(t) =0 for t < 0 and x(t) contains no impulses or higher-order singularities at ¢ = 0, then

z(07) = lim,_ 0 sX(s)

If 2(t) =0 for t < 0 and x(¢) has a finite limit as t — oo, then

limy o 2(t) = limg_o sX (s)




Table 8: Laplace Transforms of Elementary Functions

Signal Transform | ROC
1. 6(t) 1 All's
2. u(t) é Re{s} >0
3. —u(—1) é Re{s} < 0
PR L Refs} > 0
e 1)!u - e{s
LA L Re{s} <0
- (n=1)! sn s
6. e u(t) —il- Re{s} > —a
s+ a
7. —eu(—t) . —11- - Re{s} < —a
8. ety ! Res} > —
: (n—l)!e u Gron e{s o
0. - 1" ety ! Re{s} < —
: (n—l)!e u Gron e{s o
10. 6(t —T) =T All s
11. [coswot]u(t) 5 ij Re{s} >0
0
12. [sin wot]u(t) 5 :J—OWQ Re{s} >0
0
13. [e= cos wot]u(t) G +Sa—;2a+ > Re{s} > —a
0
14. [e™* sinwyt]u(t) T oi;(; —y Re{s} > —a
0
d"o(t)
15. = n All
5. u,(t) o s S
16. u_p(t) = u(t) * - u(t) = Re{s} >0

n times




z-TRANSFORM PROPERTIES

The index-domain signal is x[n] for —oco < n < oo; and the z-transform is:

X(z) = Z x[n]z" —

n=—00

x[n] = i.?gX(z)z” =
2mj z

d

The ROC is the set of complex numbers z where the z-transform sum converges.

x[n], x1[n] and x;[n]

axi[n] + bxy[n]

x[n —n.]

NRe{x[n]}

Sm{x[n]}
x[—n]

x1[n] * x2[n]

x1[n] - xz[n]

Parseval’s Theorem:

aX1 (Z) + sz (Z)

77" X(2)

X(z/20)

dX(2)
dz

1 * ok
E[X(Z) + X" (2]

1
7X@~ X*(z)]
J
X(1/2)

X1(2) - Xo(2)

1 d
— f X, (v) X (2/0) &
Tj v

Signal: x[n] —o0o<n< oo z-Transform: X (z) Region of
Convergence
X(2), X1(2) and X5 (z) R., R, and R,

contains R{ N R,
R, except for the possible

addition or deletion of
z=0o0rz=00

|Zo| Ry

R, except for the possible
addition or deletion of
z=0o0rz=o00

R,
contains R,
contains R

1/R,={z:77' € Ry}

contains Ry N R,

contains Ry R,

Initial Value Theorem:

o0
n=—0oo

x[n] =0,for n <O

1 d
> mbnlsstnl = 3 § i) X510

== lim X(z) = x[0]




z-TRANSFORM PAIRS

The index-domain signal is x[n] for —oco < n < oo; and the z-transform is:

= —n — 1 ’l%
X(z) = Z x[n] z = x[n] = .%X(z)z -

= 2mj

The ROC is the set of complex numbers z where the z-transform sum converges.

Signal: x[n] —o0o<n<o0 z-Transform: X (z) Region of
Convergence
8[n] 1 All z
8[n — n.] " |z| > 0,if n, >0
|z] < o00,ifn, <0
1
uln] = lz| > 1
[—n—1] ! 2l <1
1—z71 .
1
a"u[n] — |z > al
1 —az
1
—a"u[—n—1] — lz| < |al
1—az~
n az_l
na u[n] m |Z| > |Cl|
—1
az
—na" l/l[—]’l — 1] m |Z| < |a|
(n+1)a" uln] S |z] > |al
(1 —az=1)? ¢
1 —[cos a)o]z_1
o 1
[coswon] uln] T 2lcoswilzT + 22 |z| >
. [sinw,]z!
o 1
[sinwon]uln] 1 —2[coswo]z7 + 2772 2l >
1 —[rcosw,]z !
n
[r" cos won] u[n] |~ 2rlcoswolz ! + 1222 |z| > |r|
_ [rsinwo]z™!
n
[r" sinwon] uln] [ orlcoswle £ 1222 |z| > |r|
[n] = a, 0<n<lL 1 —alz L 2| > 0
=10, otherwise 1 —az! 4=




PROPERTIES of the DFT

x[(n — n,) mod N]
W;(O” x[n]

N—-1
xnl (V) hin] = Y x[£]h[(n — £) mod N]
=0

x[n] wln] (windowing)

x*[n]

x*[(—n) mod N]

Ne{x[n]}

Jj3m{x{n]}

Xesln] = 3 {x[n mod N1+ x*[(—n) mod N1}

Xeas[n] = 3{x[n mod N]— x*[(—n) mod N1}

Wiek X[k]
X[(k—£,) mod N]

X[k] - H[k]
N—-1
¥ Eo X[£]W[(k — £) mod N]

X*[(—k) mod N]
X*[k]

Xesl[k] = 3{X[k mod N] + X*[(—k) mod N1}
Xeas[k] = 3{X[k mod N]— X*[(~k) mod N1}
Ne{X[k])

(cs = conjugate-sym)

jSSm{X[k]} (cas = conj-anti-sym)

N-1 N-1
Parseval’s Theorem: N Y |x[n]|> = > |X[k]|?
k=0

n=0

The following properties apply when x[n] is purely real:

Conjugate Symmetry

Real part of X[k] is even
Imaginary part of X[k] is odd
| X[k]| (Magnitude) is even

arg { X[k]} (Phase) is odd

X[k] = X*[(—k) mod N]
NRe{X[k]} = Re{X[(—k) mod N]}

Sm{X[k]} = —Sm{X[(—k) mod N]}

The index-domain signal is x[n] forn =0, 1,2, ..., N—1; and the frequency domain values are X[k] for
k=0,1,2,..., N—1. Outside the range [0, N —1], the values of x[n] and X[k] are periodic.
N—1
Analysis Equation:  X[k] = x[n] Wik (1)
n=0
| Nl
Synthesis Equation: = — ) X[k]wy™ 2
ynthesis Equation x[n] N ,Z:(; [k] Wy 2)
Exponential: Wy = e 2N 3)
N-point signal: x[n],n=0,1,..., N—1 N-point DFT: X[k],k=0,1,...,N—1
axy[n] + bxy[n] aX k] + bX;[k] (Linearity)
x[n] = Wyt = eti2mten/N X[k] = N 8[(k — ¢£,) mod N]
ylnl = XI[k] |k n Y[k] = N - x[(—k) mod N] (Duality)
ylnl = 5 - X[(=n) mod N] Y[kl = x{n] |, (Duality)





